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Abstract—In many multiobject tracking applications, including
radar and sonar tracking, after prefiltering the received signal,
measurement data is typically structured in cells. The cells,
e.g., represent different range and bearing values. However,
conventional multiobject tracking methods use so-called point
measurements. Point measurements are provided by a prepro-
cessing stage that applies a threshold or detector and breaks
up the cell’s structure by converting cell indexes into, e.g.,
range and bearing measurements. We here propose a Bayesian
multiobject tracking method that processes measurements that
have been thresholded but are still cell-structured. We first
derive a likelihood function that systematically incorporates an
adjustable detection threshold which makes it possible to control
the number of cell measurements. We then propose a Poisson
Multi-Bernoulli (PMB) filter based on the likelihood function
for cell measurements. Furthermore, we establish a link to the
conventional point measurement model by deriving the likelihood
function for point measurements with amplitude information
(AM) and discuss the PMB filter that uses point measurements
with AM. Our numerical results demonstrate the advantages
of the proposed PMB filter for thresholded cell measurements
compared to the conventional PMB filter for point measurements
with and without AM.

Index Terms—Multiobject tracking, multitarget tracking, Pois-
son Multi-Bernoulli filtering, random finite sets.

I. INTRODUCTION

Multiobject tracking (MOT) aims to estimate the time-

dependent number and states of multiple objects based on data

provided by one or more sensors. MOT algorithms use either

sensor data in a preprocessed form or raw sensor data without

any preprocessing. In the first approach, known as detect-

then-track (DTT) MOT, a detector discards all measurements

that are below a predefined threshold in order to reduce data

flow and computational complexity [1]–[17]. In the second

approach, known as track-before-detect (TBD) MOT, the

tracker uses all the raw sensor data, which typically results

in improved tracking performance at a higher computational

complexity.

Irrespective of the measurement model that is in force, the

multiobject state can either be modeled as a random vector

[1]–[6], [11], [12], [14], [18], [19] or a random set, more

precisely, a random finite set (RFS) [7]–[10], [13], [15]–[17].

A high-performing RFS-based MOT filter is the track-oriented

marginal multi-Bernoulli/Poisson filter, which will be simply

referred to as Poisson Multi-Bernoulli (PMB) filter in the
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following. The PMB filter was both proposed for DTT MOT

[10], [11], [13], [17] and recently also for TBD MOT [20].

The PMB filter models the multiobject state as the union of a

Poisson RFS and a multi-Bernoulli (MB) RFS. Whereas the

MB part of the PMB filter is used for the tracking of already

detected objects, the Poisson part models objects that have

not been detected so far. A modified version of the PMB

filter proposed in [21] extends the use of the Poisson RFS

from the modeling of undetected objects to the tracking of

objects that are unlikely to exist by using the concept of

recycling. In the recycling step, Bernoulli components with a

low existence probability are transferred from the MB part of

the multiobject state to the Poisson part of the multiobject state

instead of pruning them. The PMB filter can be implemented

very efficiently using the framework of belief propagation

(BP) [11], [22] resulting in an overall linear complexity

scaling. The PMB filter has also been derived and extended

to multiple sensors using the framework of factor graphs and

BP [11], [12], [18], [19]. It has been demonstrated that it can

outperform existing DTT methods and that it is highly scalable

in all relevant system parameters [10]–[14], [18], [20]–[22].

In this paper, we introduce a measurement model for

thresholded cell measurements and propose a PMB filter based

on this new model. The novel method can be interpreted as a

tradeoff between the already existing DTT PMB and TBD

PMB filters. In particular, as in DTT filtering, a threshold

controls the number of considered measurements, but, as in

TBD filtering, measurements still possess the cell structure

of the original, unthresholded, measurements. In addition, this

cell structure makes it possible to avoid the Poisson clutter

approximation used by conventional DTT approaches. We also

establish a link to the conventional likelihood function for

point measurements with amplitude information (AM) and

discuss the approximations applied in conventional point mea-

surement models. Our numerical results indicate an improved

tracking performance compared to the DTT PMB filter with

and without AM in both tracking accuracy and runtime.

We will use the following basic notation. Random variables

are displayed in sans serif, upright fonts; their realizations in

serif, italic fonts. Vectors and matrices are denoted by bold

lowercase and uppercase letters, respectively. For example,

x is a random variable and x is its realization, and x is a

random vector and x is its realization. Random sets and their

realizations are denoted by upright sans serif and calligraphic

font, respectively. For example, X is a random set and X
is its realization. We denote probability density functions



(pdfs) by f(·) and probability mass functions (pmfs) by p(·).
Further, N (x;µ,Σ) denotes the Gaussian pdf (of random

vector x) with mean vector µ and covariance matrix Σ,

R(x;σ) denotes the Rayleigh pdf (of scalar random variable

x) with scale parameter σ, P(n;µ) denotes the Poisson pmf

(of scalar random integer variable n) with mean parameter µ,

and B(n;N, p) denotes the binomial pmf (of scalar random

integer variable n) of size N and probability p.

II. MEASUREMENT MODEL

The measurement model describes the statistics of the

measurements zk conditioned on the multiobject state Xk and

can be characterized by the likelihood function f(zk|Xk). We

here model the multiobject state at time k by the RFS Xk =

{x
(1)
k , . . . , x

(n)
k } and the measurements by the random vector

zk = [z
(1)
k . . . z

(M)
k ]T. The single-object state vectors xk are

defined as xk= [pT
k γk]

T, where pk = [pk,1 pk,2 ṗk,1 ṗk,2]
T is

a two-dimensional (2D) position and velocity vector and γk is

the object’s intensity. The modeling of zk will be described in

the following.

A. Detector-Based Association Model

Our modeling of zk is based on M data cells characterized

by the random vector ck = [c
(1)
k . . . c

(M)
k ]T. Here, each c

(m)
k ,

m ∈ M ≜ {1, . . . ,M} represents the scalar intensity or

magnitude of data cell m, and the cell index m itself represents

the corresponding positional information. We consider point

objects, where the influence of one of those objects with state

xk ∈Xk on cell m∈M is determined by an indicator function

given by

δ(m)(xk) =

{

1, xk is in bin m

0, xk is not in bin m.
(1)

In particular, object xk contributes to cell c
(m)
k only if xk is

located in that cell, i.e., by knowing xk, we also know the

index of the influenced cell. If cell c
(m)
k is influenced by xk,

it is distributed according to f1
(

c
(m)
k

∣

∣xk

)

. If cell c
(m)
k is not

influenced by any object, it is due to clutter and distributed

according to f0
(

c
(m)
k

)

.

Since Xk is random, it is unknown which object contributes

to which cell. We therefore introduce the random object-cell

association vector ak ≜
[

a
(1)
k . . . a

(n)
k

]T
with n = |Xk| and

entries a
(i)
k ∈ M. Here, a

(i)
k ∈ M indicates that object x

(i)
k

contributes to cell c
(m)
k . We assume that an object contributes

to at most one cell and, conversely, that a cell is at most

influenced by one object. These assumptions result in a set of

valid association vectors ak collected in the set Ak.

We apply now a detector with threshold η to each cell

c
(m)
k , m ∈ M resulting in “thresholded” measurements zk =

[z
(1)
k . . . z

(M)
k ]T. In particular, we set z

(m)
k = c

(m)
k if c

(m)
k > η

and z
(m)
k = η if c

(m)
k ⩽ η. In what follows, we refer to z

(m)
k > η

as detections. Following classical detection theory [23], we

directly obtain a statistical model for zk. In particular, each

detection, i.e., z
(m)
k > η, is either generated by an object or

is a false alarm/clutter. In the former case, it is distributed

according to

f1,η
(

z
(m)
k

∣

∣xk

)

=
f1
(

z
(m)
k

∣

∣xk

)

p
(m)
D (xk)

(2)

and, in the latter case, according to

f0,η
(

z
(m)
k

)

=
f0
(

z
(m)
k

)

p
(m)
FA

. (3)

Here, the normalizations p
(m)
D (xk) and p

(m)
FA are referred to as

detection probability and false alarm probability, respectively,

and can be computed as

p
(m)
D (xk) =

∫ ∞

η

f1
(

z
(m)
k

∣

∣xk

)

dz
(m)
k

p
(m)
FA =

∫ ∞

η

f0
(

z
(m)
k

)

dz
(m)
k .

B. The Joint Likelihood Function

The likelihood function f(zk|Xk) is obtained by first com-

puting the conditional pdf f(zk,ak|Xk) and then marginaliz-

ing out the association variable ak, i.e.,

f(zk|Xk) =
∑

ak∈Ak

f(zk,ak|Xk) . (4)

Based on the aforementioned assumptions, the conditional pdf

f(zk,ak|Xk) is found as

f(zk,ak|Xk) =

(

∏

i∈Ik

δ(a
(i)
k

)
(

x
(i)
k

)

f
(

z
(a

(i)
k

)

k |x
(i)
k

)

)

×
∏

m∈M̄ak

f
(

z
(m)
k

)

(5)

where we introduced Ik ≜ {1, . . . , n} and M̄ak
≜ M \

{

a
(1)
k , . . . , a

(n)
k

}

. The set M̄ak
comprises all measurement

indices that are not associated to any object by association ak.

In (5), the distribution f(z
(m)
k |x

(i)
k ) is given by

f
(

z
(m)
k |x

(i)
k

)

=







1− p
(m)
D

(

x
(i)
k

)

, z
(m)
k = η

p
(m)
D

(

x
(i)
k

)

f1,η
(

z
(m)
k

∣

∣x
(i)
k

)

, z
(m)
k > η

(6)

Furthermore, the distribution f
(

z
(m)
k

)

reads

f(z
(m)
k ) =











1− p
(m)
FA , z

(m)
k = η

p
(m)
FA f0,η

(

z
(m)
k

)

, z
(m)
k > η.

(7)

Our measurement model excludes the case where multiple

objects are in the same cell. Apart from the fact that this event

is rather unlikely in many applications anyway, our proposed

method can still handle scenarios where some objects are in

the same cell for a limited amount of time. This is confirmed

by the very good object detection and tracking performance

of our proposed method, as reported in Section V.



III. MULTIOBJECT TRACKING WITH THRESHOLDED CELL

MEASUREMENTS

In the following, we present our PMB filtering method based

on the thresholded cell measurement model introduced in the

previous section.

A. Sequential Bayesian Estimation

To derive our PMB filter, we use the sequential Bayesian

estimation framework for RFS-based multiobject state models.

Here, the statistics of the multiobject state Xk at time k,

conditioned on all obtained measurements z1:k ≜ [zT
1 . . . z

T
k ]

T

up to time k, are described by the posterior pdf f(Xk|z1:k).
The estimation framework consists of a prediction and an

update step. The prediction step transforms the posterior pdf

at time k−1, i.e., f(Xk−1|z1:k−1), into the predicted posterior

pdf at time k, i.e., f(Xk|z1:k−1) using the state-transition

pdf f(Xk|Xk−1). Analogously, the update step transforms the

predicted posterior pdf into the updated posterior pdf at time

k, i.e., f(Xk|z1:k), using the likelihood function f(zk|Xk)
presented in Section II-B and the current measurements zk.

Following the PMB MOT paradigm [10], [11], [13], [17],

we here model the multiobject state Xk−1 at time k−1 as the

union of a Poisson RFS and an MB RFS, i.e., the posterior

pdf f(Xk−1|Xk−1) is of PMB form. Using standard model

assumptions for f(Xk|Xk−1) [10], [13], it was shown in, e.g.,

[10], [13], that, after applying the prediction step, the predicted

posterior pdf f(Xk|z1:k−1) is again of PMB form. In fact,

f(Xk|z1:k−1) is given according to

f(Xk|z1:k−1) =
∑

X
(1)
k

⊎X
(2)
k

=Xk

fP
k|k−1

(

X
(1)
k

)

fMB
k|k−1

(

X
(2)
k

)

. (8)

Here,
∑

X
(1)
k

⊎X
(2)
k

=Xk
denotes the sum over all disjoint

decompositions of Xk into X
(1)
k and X

(2)
k . Furthermore,

fP
k|k−1

(

Xk

)

is a Poisson pdf [7], which is fully parametrized

by its probability hypothesis density (PHD) λk|k−1(xk), and

fMB
k|k−1

(

Xk

)

is an MB pdf [7] consisting of Jk−1 Bernoulli

pdfs, where each Bernoulli pdf is itself parametrized by an

existence probability r
(j)
k|k−1 and a spatial pdf f

(j)
k|k−1(x), j ∈

Jk−1 ≜ {1, . . . , Jk−1}. See, e.g., [7], for more information

on RFSs and their statistical description. In the following

two subsections, we present the exact and approximate update

steps.

B. Exact Update Step

Note that the current measurements zk have already been

observed and are therefore known. It is therefore also known

which data cells m ∈M have an intensity above threshold η
and which do not. We here introduce the index set MD

k ⊆ M

of all detections, i.e., all cell indexes with z
(m)
k > η and the

index set MM
k = M \ MD

k of all missed detections, i.e., all

cell indexes with z
(m)
k = η.

After applying the update step, as we show in Appendix A,

the posterior pdf f(Xk|z1:k) is no longer a PMB pdf but a

Poisson/MB mixture (PMBM) pdf, which is given by

f(Xk|z1:k) =
∑

X
(1)
k

⊎X
(2)
k

=Xk

fP
(

X
(1)
k

)

fMBM
(

X
(2)
k

)

. (9)

Here, fP
(

Xk

)

is a Poisson pdf and fMBM
(

Xk

)

is a multi-

Bernoulli mixture (MBM) pdf; expressions of both will be

presented now.

The Poisson pdf fP
(

Xk

)

in (9) is fully characterized by the

posterior PHD λ(xk), which is given by

λ(xk) =

(

∑

m∈MM
k

δ(m)(xk)
1− p

(m)
D (xk)

1− p
(m)
FA

)

λk|k−1(xk) .

(10)

Here, p
(m)
D (xk) and p

(m)
FA are the detection probability and

false alarm probability, respectively, defined in Section II-A

and λk|k−1(xk) is the predicted posterior PHD characterizing

fP
k|k−1

(

Xk

)

in (8).

In order to describe fMBM
(

Xk

)

in (9), we first introduce the

random object-cell association vector a
′
k ≜ [a

′(1)
k . . . a

′(Jk)
k ]T

where Jk = Jk−1 + MD
k and MD

k ≜ |MD
k |. Whereas

the association vector ak defined in Section II-A describes

the association between objects and data cells, the vector

a
′
k describes now the association of potential objects, i.e.,

Bernoulli components, with data cells. More precisely, a′k has

entries a
′(j)
k ∈ {0} ∪ M for j ∈ Jk−1 and a

′(j)
k ∈ {0, 1}

for j ∈ Jk \ Jk−1. Here, for j ∈ Jk−1, a
′(j)
k = 0 indicates

that the object xk modeled by Bernoulli component j does

not exist, a
′(j)
k ∈ MM

k that it exists but did not generate a

detection in cell m ∈ MM
k , and a

′(j)
k ∈MD

k that it exists and

generated detection m ∈ MD
k . Furthermore, for j ∈Jk\Jk−1,

a
′(j)
k = 1 indicates that detection m ∈ MD

k was generated

either by an object xk modeled by the Poisson pdf or by

clutter and, conversely, a
′(j)
k = 0 that detection m ∈MD

k was

neither generated by an object modeled by the Poisson RFS

nor by clutter. Here, the mapping between j ∈ Jk \Jk−1 and

m ∈ MD
k is arbitrary but unique. Note that there is exactly

one j ∈Jk \ Jk−1, i.e., a new Bernoulli component, for each

detection m∈MD
k . All valid association vectors a′

k form the

set A′
k.

Using a
′
k, we can now express fMBM

(

Xk

)

according to

fMBM
(

Xk

)

=
∑

a
′

k
∈A′

k

p(a′
k) f

MB
a

′

k
(Xk) . (11)

Note that there is exactly one mixture component for each

valid association vector a′ and that the corresponding weight

is given by the association probability p(a′
k), which in turn is

given by

p(a′
k) ∝

∏

j∈Jk

β
(j,a

′(j)
k

)

k (12)

for a′
k ∈ A′

k , and by p(a′
k) = 0 for a′

k /∈ A′
k. Furthermore,

the MB pdfs fMB
a

′

k
(Xk) consist of Jk = Jk−1 +MD

k Bernoulli

components, where each of them is parametrized by an exis-

tence probability r
(j,m)
k and a spatial pdf f (j,m)(xk). In the

following, we provide expressions for r
(j,m)
k , f (j,m)(xk), and

β
(j,m)
k .



In fact, for Bernoulli component j ∈ Jk−1 and m= 0 , we

have r
(j,0)
k = 0 , f (j,0)(xk) undefined, and

β
(j,0)
k = 1− r

(j)
k|k−1 . (13)

Here, r
(j,0)
k = 0 indicates that the object xk modeled by

Bernoulli component j does not exist; f (j,0)(xk) remains thus

undefined. The likelihood of this event is given by (13).

Next, for j ∈Jk−1 and m ∈ MM
k , we have r

(j,m)
k = 1 and

f (j,m)(xk) =
δ(m)(xk)

(

1−p
(m)
D (xk)

)

f
(j)
k|k−1(xk)

b
(j,m)
k

(14)

β
(j,m)
k =

r
(j)
k|k−1 b

(j,m)
k

1− p
(m)
FA

(15)

with b
(j,m)
k ≜

∫

δ(m)(xk)
(

1−p
(m)
D (xk)

)

f
(j)
k|k−1(xk)dxk. Here,

r
(j,m)
k = 1 indicates that the object xk modeled by Bernoulli

component j exists but was not detected in cell m. Its spatial

pdf is distributed according to (14), and the likelihood of this

event is given by (15).

Next, for j ∈Jk−1 and m ∈ MD
k , we have r

(j,m)
k = 1, and

f (j,m)(xk) =
δ(m)(xk)p

(m)
D (xk)f1,η(z

(m)
k |xk)f

(j)
k|k−1(xk)

c
(j,m)
k (16)

β
(j,m)
k = r

(j)
k|k−1 c

(j,m)
k (17)

with c
(j,m)
k ≜

∫

δ(m)(xk)p
(m)
D (xk)f1,η(z

(m)
k |xk)f

(j)
k|k−1(xk)

×dxk. Here, r
(j,m)
k = 1 indicates that the object xk modeled

by Bernoulli component j exists and was detected in cell m. Its

spatial pdf is distributed according to (16), and the likelihood

of this event is given by (17).

There are also new Bernoulli components j ∈ Jk \ Jk−1

and m∈MD
k , where we have

r
(j,1)
k =

d
(j)
k

p
(m)
FA f0,η(z

(m)
k ) + d

(j)
k

(18)

f (j,1)(xk) =
δ(m)(xk)p

(m)
D (xk)f1,η(z

(m)
k |xk)λk|k−1(xk)

d
(j)
k (19)

β
(j,1)
k = p

(m)
FA f0,η(z

(m)
k ) + d

(j)
k (20)

with d
(j)
k ≜

∫

δ(m)(xk)p
(m)
D (xk)f1,η(z

(m)
k |xk)λk|k−1(xk)dxk.

Here, r
(j,1)
k in (18) is the probability that detection m was

generated by object xk modeled by the Poisson RFS and not

due to clutter. The state of this object is distributed according

to (19), and the likelihood of the events that detection m was

generated either by an object modeled by the Poisson RFS

or by clutter is given by (20). Finally, we have r
(j,0)
k = 0,

f (j,0)(xk) undefined, and β
(j,0)
k = 1.

C. Approximate Update Step

We now approximate the MBM pdf in (11) by an MB pdf.

We start by extending the association alphabet A′
k to A′′

k ≜

({0} ∪ M)Jk−1 × {0, 1}M
D
k . Since p(a′

k) = 0 for a′
k /∈ A′

k,

this extension does not change the association pmf. Next, we

approximate p(a′
k) according to

p(a′
k) ≈

∏

j∈Jk

p
(

a
′(j)
k

)

, a′
k ∈A′′

k (21)

with

p
(

a
′(j)
k

)

=
∑

∼a
′(j)
k

p(a′
k) .

Here, ∼ a
′(j)
k denotes the vector of all a

′(j′)
k with j′ ∈Jk \ j.

Note that a fast and scalable approximate solutions for p
(

a
′(j)
k

)

is provided by the SPA [10], [11], [22].

As was shown in, e.g., [20], by inserting approximation

(21) into (11), the MBM pdf simplifies to an MB pdf.

The corresponding existence probabilities and spatial pdfs for

j ∈Jk−1 are given by

r
(j)
k =

∑

a
′(j)
k

∈M

p(a
′(j)
k ) (22)

f (j)(xk) =
1

r
(j)
k

∑

a
′(j)
k

∈M

p(a
′(j)
k )f (j,a

′(j)
k

)(xk) (23)

and for j ∈Jk \ Jk−1 by

r
(j)
k = p(a

′(j)
k = 1) r

(j,1)
k (24)

f (j)(xk) = f (j,1)(xk) . (25)

Note that according to (24) and (25), a new Bernoulli

component is generated for each detection in each update step.

This results in a linear increase in the number of Bernoulli

components over time. In order to counteract this increase

and limit the number of Bernoulli components, we employ

the concept of recycling, where Bernoulli components with

low existence probabilities are transferred to the Poisson part

of the multiobject state RFS. More precisely, we transfer

all Bernoulli components j ∈ J R
k ⊆ Jk with an existence

probability r
(j)
k below the threshold ηR. This yields the ap-

proximated posterior PHD

λ̃(xk) = λ(xk) +
∑

j∈J R
k

r
(j)
k f (j)(xk)

where λ(xk) is given by (10), r
(j)
k is given by (22) or (24) and

f (j)(xk) by (23) or (25), respectively. In contrast to pruning

Bernoulli components with low existence probabilities, recy-

cling does not discard any information.



IV. MULTIOBJECT TRACKING WITH POINT

MEASUREMENTS

In the following, we derive a likelihood function for

point measurements that also uses AM. Contrary to our cell

measurement model where the measurements are described

by the random vector zk = [z
(1)
k . . . z

(M)
k ]T and where the

measurement index represents the positional information, point

measurements are typically modeled by an unordered set

Zk = {z
(1)
k , . . . , z

(Mk)
k }. Here, positional information is mod-

eled explicitly by position-related measurements and not by

the measurement index.

A. Explicit Location Information and Clutter Cardinality

Let
[

z
(m)
k,1 z

(m)
k,2

]T
be the position-related measurement,

e.g., in range-bearing or in Cartesian coordinates, corre-

sponding to amplitude measurement z
(m)
k , and let y

(m)
k =

[

z
(m)
k z

(m)
k,1 z

(m)
k,2

]T
be the corresponding joint measurement

vector. Position-related measurements can be obtained by

breaking up the cell structure and converting cell indices to

position-related measurements. A joint measurement vector

y
(m)
k , can be statistically described by the following joint pdfs

f1(y
(m)
k |xk) = f1,p(z

(m)
k,1 , z

(m)
k,2 |xk)f1,η(z

(m)
k |xk) (26)

f0(y
(m)
k ) = f0,p(z

(m)
k,1 , z

(m)
k,2 )f0,η(z

(m)
k ). (27)

Here, f1,η(z
(m)
k |xk) and f0,η(z

(m)
k ) are given by (2) and (3),

respectively, and f1,p(z
(m)
k,1 , z

(m)
k,2 |xk) and f0,p(z

(m)
k,1 , z

(m)
k,2 ) are

the pdfs of the position-related measurement for the cases

that measurement y
(m)
k is generated by object xk or by false

alarm/clutter, respectively. Given these basic definitions, we

apply now a series of manipulations and approximations in

order to transform the likelihood function for thresholded cell

measurements in (4) and (5) into a likelihood function for

point measurements that also uses AM.

We start by noting that in the likelihood function for thresh-

olded cell measurements the information about the number of

clutter measurements is contained in the term
∏

M̄ak

f(z
(m)
k )

with f(z
(m)
k ) given by (7). Here f(z

(m)
k ) can be rewritten

as follows: We first explicitly represent the events z
(m)
k = η

and z
(m)
k > η by the Bernoulli random variable b

(m)
k ∈ {0, 1},

where b
(m)
k = 0 models the event that zk = η and b

(m)
k = 1 the

event that z
(m)
k > η. Using b

(m)
k , we can now rewrite f(z

(m)
k )

in (7) according to

f
(

z
(m)
k , b

(m)
k

)

= f
(

z
(m)
k |b

(m)
k

)

p
(

b
(m)
k

)

with

p
(

b
(m)
k

)

=







1− p
(m)
FA , b

(m)
k = 0

p
(m)
FA , b

(m)
k = 1 .

(28)

Furthermore, f
(

z
(m)
k |b

(m)
k = 1

)

= f0,η
(

z
(m)
k

)

and, since

f(z
(m)
k |b

(m)
k = 0) is meaningless, it is not defined.

In point measurement models, the information about the

number of clutter measurements given by (28) is typically

represented by a single cardinality variable MFA
k . In order

to derive a likelihood function for point measurements, we

therefore define

MFA
k ≜

∑

m∈M̄ak

b
(m)
k . (29)

Since b
(m)
k is Bernoulli distributed according to (28), and

given the fact that the sum of Bernoulli distributed random

variables is Binomial distributed [24], MFA
k in (29) is binomial

distributed too, i.e.,

p(MFA
k ) = B

(

MFA
k ; |M̄ak

|, pFA

)

≜

(

|M̄ak
|

MFA
k

)

(pFA)
MFA

k (1− pFA)
|M̄ak

|−MFA
k (30)

where
(|M̄ak

|

MFA
k

)

is the binomial coefficient of |M̄ak
| and MFA

k .

For later use, we approximate the binomial pmf p(MFA
k ) in

(30) by a Poisson pmf, i.e.,

p(MFA
k ) ≈ P

(

MFA
k ;µFA

)

≜
(µFA)

MFA
k e−µFA

MFA
k !

(31)

with µFA = pFA |M̄ak
| ≈ pFAM. According to the Poisson

limit theorem [24], the approximation error of (31) is small if

both pFA is small and M is large.

B. Object-Measurement Associations and Likelihood Function

Next, we note that conventional point measurement models

allow any possible object-measurement association, theoret-

ically, with non-zero probability. We now define the random

object-measurement association vector for point measurements

as ak = [a
(1)
k . . . a

(n)
k ]T with entries a

(i)
k ∈ {0} ∪ Mk,

Mk ≜ {1, . . . ,Mk}, and where Mk is the number of point

measurements y
(m)
k . Here, a

(i)
k = 0 indicates that object x

(i)
k

did not generate any measurement and a
(i)
k = m∈Mk that it

generated measurement y
(m)
k . All valid association vectors ak

are collected in the set Ak.

We now model all ak as equally likely, i.e.,

p(ak|Xk) =
1

Nak

(32)

where Nak
= |Ak| is the number of association vectors.

Here, Nak
can be determined by using basic results from

combinatorics. In fact, Nak
is equivalent to the number of

possible combinations of drawing MD
k object detections out of

Mk measurements, where the draws are without replacement

and with the drawing order respected. This leads to

Nak
=

Mk!

(Mk −MD
k )!

=
Mk!

MFA
k !

. (33)

Putting all together, we find the joint pdf of yk, ak, and

MFA
k , conditioned on Xk, according to

f(yk,M
FA
k ,ak|Xk) =

1

Nak

(

∏

i∈Ik

f
(

y
(a

(i)
k

)

k |x
(i)
k

)

)



×
(

∏

m∈M̄ak

f0(y
(m)
k )

)

p(MFA
k ) (34)

where M̄ak
≜ Mk \ {a

(1)
k , . . . , a

(n)
k }. In line with (6),

f
(

y
(a

(i)
k

)

k |x
(i)
k

)

is given by

f
(

y
(a

(i)
k

)

k |x
(i)
k

)

=







1− pD

(

x
(i)
k

)

, a
(i)
k = 0

pD

(

x
(i)
k

)

f1(y
(m)
k |xk), a

(i)
k ∈ Mk.

Here, f1(y
(m)
k |xk) is given by (26), f0(y

(m)
k ) and p(MFA

k ) by

(27) and (30), respectively.

By finally inserting Nak
given by (33) and the Poisson

approximation of p(MFA
k ) given by (31) into (34), we get the

approximate joint distribution f̃(yk,M
FA
k ,ak|Xk). Due to the

relation Mk = MD
k +MFA

k , f̃(yk,M
FA
k ,ak|Xk) is equivalent

to f̃(yk,Mk,ak|Xk), given by

f̃(yk,Mk,ak|Xk) =
e−µFA

Mk!

(

∏

i∈Ik

f
(

y
(a

(i)
k

)

k , a
(i)
k |x

(i)
k

)

)

×
∏

m∈M̄ak

λFA

(

y
(m)
k

)

(35)

with λFA(yk) ≜ µFAf0(yk). By finally marginalizing out ak,

we find the likelihood function for point measurements as

f(yk,Mk|Xk) =
∑

ak∈Ak

f̃(yk,Mk,ak|Xk) . (36)

Note that here, yk is a random vector consisting of Mk

subvectors y
(m)
k . However, in RFS-based MOT with point

measurements, the measurements are typically represented as

a set Yk = {y
(1)
k , . . . , y

(Mk)
k }. The corresponding pdf is given

by f(Yk|Xk) = Mk!f(yk,Mk|Xk) [7]. If the AM information

z
(m)
k is removed from y

(m)
k , we obtain the corresponding point

measurement model without AM. Based on (35) and (36), a

PMB filter using point measurements with AM can be derived

analogously as in [10].

V. SIMULATION STUDY

In the following, we perform a simulation study in which

we compare the performance of our proposed PMB filter with

thresholded pixel measurements (PMB-CM) with that of a

PMB filter that uses point measurements with (PMB-AM) and

without (PMB) AM. But first, we start with a short description

of the underlying simulation setup.

A. Simulation Setup

We consider a 2D simulation scenario with a region of

interest (ROI) of [0m, 32m] × [0m, 32m]. We simulated 10

objects during 200 time steps. Recap that the single-object

state vectors are defined as xk = [pT
k γk]

T, where pk =
[pk,1 pk,2 ṗk,1 ṗk,2]

T is the object’s 2D position and 2D

velocity and γk the object’s intensity (cf. Section II). The

objects appear at various times before time step 30 at randomly

chosen positions in the ROI, and they disappear at various

times after time step 170 or when they leave the ROI. The

objects’ initial velocities are drawn from fv(ṗk,1, ṗk,2) =
N (ṗk,1, ṗk,2;02, σ

2
vI2) with σ2

v = 10−2, and the objects’

initial intensities are set to 10.

The object states’ evolution is modeled as follows: The kine-

matic part pk evolves according to the nearly constant velocity

motion model, which is given by pk = Apk−1 +W wk with

A ∈ R
4×4 and W ∈ R

4×2 chosen as in [13]. The driving

noise wk is distributed according to N (wk;02, 10
−3I2). The

object intensities remain constant over time.

The measurement consists of 32 × 32 data cells of square

size, each of which has a side length of 1m. The data

is generated by modeling the cell intensities as Rayleigh

distributed, i.e., f1
(

c
(m)
k

∣

∣xk

)

= R(c
(m)
k ;

√

γk + σ2
n ) and

f0(y
(m)
k ) = R

(

y
(m)
k ;σn

)

and drawing samples from them.

In radar applications, this model is referred to as Swer-

ling 1 [25]. We set σ2
n = 1 leading to a signal-to-noise

ratio (SNR) of 10. If there are several objects in the same

cell, lets say x
(m1)
k , . . . ,x

(mI)
k , then the cell intensity c

(m)
k

is sampled from R
(

c
(m)
k ;

√

γ
(m1)
k + · · ·+ γ

(mI)
k + σ2

n

)

. In

PMB-CM, we set f1
(

c
(m)
k

∣

∣xk

)

= R(c
(m)
k ;

√

γk + σ2
n ) and

f0(y
(m)
k ) = R

(

y
(m)
k ;σn

)

. As discussed in Section II-A, for

a given threshold η, this directly induces f1,η
(

z
(m)
k

∣

∣xk

)

and

f0,η
(

z
(m)
k

)

.

For PMB and PMB-AM, position-related measurement

information is represented explicitly according to
[

z
(m)
k,1 z

(m)
k,2

]T
, which necessitates the further specification

of f1,p(z
(m)
k,1 , z

(m)
k,2 |xk) in (26) and f0,p(z

(m)
k,1 , z

(m)
k,2 ) in

(27). We follow the frequently used convention for point

measurement filtering and model f1,p(z
(m)
k,1 , z

(m)
k,2 |xk) as a

Gaussian pdf N
(

z
(m)
k,1 , z

(m)
k,2 ; [pk,1pk,2]

T, σ2
pI2

)

. Here, the

variance σ2
p is obtained via moment matching by setting σ2

p

to the variance of a uniform distribution defined by the side

length of a data cell given by 1m, i.e., σ2
p = 1/12. In PMB

and PMB-AM, f1,p(z
(m)
k,1 , z

(m)
k,2 |xk) is evaluated by setting

[z
(m)
k,1 z

(m)
k,2 ]T equal to the 2D cell center point. Furthermore,

we model f0,p(z
(m)
k,1 , z

(m)
k,2 ) as uniformly distributed over the

ROI. It has been observed, that modeling the likelihood

function f1,p(z
(m)
k,1 , z

(m)
k,2 |xk) constant on the area of the

corresponding data cell and zero otherwise leads to almost

identical performance compared to the aforementioned

Gaussian model.

B. Filter Settings and Simulation Results

We employ particle implementations of PMB-CM, PMB-

AM, and PMB. We represent the spatial pdf of each Bernoulli

component by 3,000 particles, the posterior PHD by 50,000
particles, and the birth PHD by another 50,000; the re-

sulting 100,000 particles are reduced to 50,000 again after

the update step. More precisely, the birth PHD is given

by λB(xk) = µBfB(xk) with µB = 5/322 and fB(xk) =
f(pk,1, pk,2)fv

(

ṗk,1, ṗk,2
)

fI(γk) where f(pk,1, pk,2) is uni-

form over the ROI, fv

(

ṗk,1, ṗk,2
)

was defined in the previous
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Fig. 1: GOSPA error of PMB (blue curves) and PMB-AM (green
curves) versus time k for different detection thresholds η.

subsection, and fI(γk) is uniform from 0 to 30. We set the

survival probability to pS = 0.999 and the recycling threshold

(cf. Section III-C) to ηR = 0.1.

The tracking performance is evaluated by means of the gen-

eralized optimal subpattern assignment (GOSPA) metric [26]

with parameters p = 1, c = 20, and β = 2 for different

thresholds η ∈ {2, 4, 6}. We show the GOSPA errors for

PMB and PMB-AM in Fig.1. It can be seen that the use of

AM improves tracking performance. In particular, as Fig. 1(c)

indicates, surprisingly, the detection performance of newborn

objects of PMB decreases for small η, which in turn also

increases the total GOSPA error. This can be attributed to the

fact that for low η not only the possibility of object detection

but also the number of clutter measurements increases. Here,

AM helps the tracker to distinguish between object-generated

measurements and clutter measurements.

Next, in Fig. 2 we compare the GOSPA errors of PMB-AM

and PMB-CM. As can be seen there, PMB-CM outperforms

PMB-AM for all three values of η. This can be attributed

to the applied point measurement approximation described in

Section IV, which seems to lead to a higher likelihood that

a measurement was generated by a newborn object, which in

turn to faster generation of new Bernoulli components. As

a result, PMB-AM detects newly appeared objects slightly

faster, as shown in Fig. 2(c), but on the other hand produces

a significant higher number of false tracks than PMB-CM, as

shown in Fig. 2(d); this effect is even pronounced in scenarios

with larger η.

Finally, we compare the three PMB filters also in terms

of runtime/complexity; the average number of detections per

time step k, i.e., NCell = |MD
k |, and the average filter runtimes

of PMB, PMB-AM, and PMB-CM for different values of η,

obtained with a Matlab implementation on an Intel Xeon Gold

5222 CPU and measured using 1000 Monte Carlo runs, are
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Fig. 2: GOSPA error of PMB-AM (green curves) and proposed PMB-
CM (red curves) versus time k for different detection thresholds η.

Threshold η 6 4 2 0

NCell 1.28 3.51 143.15 1024

PMB 6.95s 10.05s 183.65s

PMB-AM 7.02s 10.32s 198.98s

PMB-CM 9.52s 9.6s 10.40s 11.13s

TABLE I: Average number of detections NCell per time step k
and average filter runtimes of PMB, PMB-AM, and PMB-CM for
different values of η.

reported in Table I. The table shows that PMB-AM is slightly

slower than PMB due to the additional processing caused by

AM. While the runtime of PMB-CM increases only slightly

for lower values of η, the runtime increase of PMB and PMB-

AM is significant. We can thus conclude that the proposed

PMB filter using thresholded cell measurements achieves a

very good accuracy/complexity tradeoff.

VI. CONCLUSION

We proposed a Poisson multi-Bernoulli (PMB) filter that

uses thresholded cell measurements. In a simulation experi-

ment, we demonstrated the advantages of our proposed PMB

filter using thresholded cell measurements compared to the

conventional PMB filter with and without amplitude informa-

tion. Future work includes advanced measurement models that

account for multiple objects being in the same cell and objects

contributing to multiple cells. Further promising future re-

search venues are the combination of probabilistic focalization

with neural networks [27] and particle flow techniques [28].

APPENDIX A

In this appendix, we derive the exact update step applied in

Section III-B. The update step converts the predicted posterior

pdf f(Xk|z1:k−1) into the updated posterior pdf f(Xk|z1:k)
by applying Bayes theorem according to



f(Xk|z1:k) ∝
∑

X
(1)
k

⊎X
(2)
k

=Xk

∑

ak∈Ak

(

∏

j′∈J
(0)
k−1

1− r
(j′)
k|k−1

)(

∏

j∈J
(1)
k−1

r
(j)
k|k−1 δ

(a
(i)
k

)(x
(i)
k )f ′

(

z
(a

(i)
k

)

k |x
(i)
k

)

f
(j)
k|k−1(x

(i)
k )

)

×

(

∏

x
(i′)
k

∈X
(1)
k

δ(a
(i′)
k

)(x
(i′)
k )f ′

(

z
(a

(i′)
k

)

k |x
(i′)
k

)

λk|k−1(x
(i′)
k )

)

∏

m∈M̄′

ak

p
(m)
FA f0,η

(

z
(m)
k

)

(40)

f(Xk|z1:k) ∝ f(zk|Xk)f(Xk|z1:k−1) . (35)

Recap that the predicted posterior pdf f(Xk|z1:k−1) is of PMB

form and given by expression (8); it can be rewritten as

f(Xk|z1:k−1) =
∑

X
(1)
k

⊎X
(2)
k

=Xk

fP
(

X
(1)
k

)

∏

j∈Jk−1

f (j)
(

X
(2,j)
k

)

(36)

with X
(2)
k = X

(2,1)
k ⊎ . . . ⊎ X

(2,Jk−1)
k . Next, we rewrite

f(zk,ak|Xk) in (5) according to

f(zk,ak|Xk) ∝

(

∏

i∈Ik

δ(a
(i)
k

)
(

x
(i)
k

)

f ′
(

z
(a

(i)
k

)

k |x
(i)
k

)

)

×
∏

m∈M̄′

ak

p
(m)
FA f0,η

(

z
(m)
k

)

(37)

with

f ′
(

z
(a

(i)
k

)

k |x
(i)
k

)

=











(

1− p
(a

(i)
k

)
D

(

x
(i)
k

))

/
(

1− p
(a

(i)
k

)
FA

)

, z
(a

(i)
k

)

k = η

p
(a

(i)
k

)
D

(

x
(i)
k

)

f1,η
(

z
(a

(i)
k

)

k

∣

∣x
(i)
k

)

, z
(a

(i)
k

)

k > η.

(38)

Here, we have used the decomposition of
∏

m∈M̄ak

f(z
(m)
k )

into
(

∏

m∈M̄′

ak

p
(m)
FA f0,η

(

z
(m)
k

)

)

∏

m′∈M̄′′

ak

1 − p
(m′)
FA and

then formally multiplied and divided by
∏

m∈MD
k
1− p

(m)
FA .

Here, M̄′
ak

and M̄′′
ak

comprise all cell indexes m ∈ M̄ak

with z
(m)
k = η and z

(m)
k > η , respectively.

Now, inserting (36) and (37) together with (4) into (35)

yields the posterior pdf f(Xk|z1:k) in (40). Here, J
(0)
k−1

comprises all Bernoulli components j ∈Jk−1 with X
(2,j)
k = ∅

and J
(1)
k−1 all Bernoulli components j ∈ Jk−1 with X

(2,j)
k =

{x
(i)
k }. Rewriting (40) in terms of weighted Bernoulli pdfs

as in [10], [20] and using a
′
k as defined in Section III-B, we

finally obtain (9).
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